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Abstract
We study the dynamics of two-dimensional (2D) solitons and the fast collisions of two 2D soli-
tons for the nonlinear Schro¨dinger equations in the presence of the generic weak nonlinear loss.
We extend the perturbative technique for calculating the collision-induced dynamics of two one-
dimensional (1D) solitons to derive the theoretical expression for the collision-induced amplitude
shift in a fast collision of two 2D solitons. Our perturbative approach is based on the standard
adiabatic perturbation theory for solitons and the calculations on the energy balance of perturbed
solitons due to the generic nonlinear loss. The expression is set up for two types of potentials: the
periodic and non-periodic potential. Furthermore, we also present the dependence of the collision-
induced amplitude shift on the angle of the two 2D colliding-solitons. Our analytic calculations are
confirmed by numerical simulations with the corresponding coupled nonlinear Schro¨dinger equa-
tions in the presence of the cubic loss and in the presence of the quintic loss.
PACS numbers: 05.45.Yv, 42.81.Dp, 42.65.Tg, 52.35.Mw
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I. INTRODUCTION
Solitons are stable shape preserving solitary waves propagating in nonlinear dispersive
media. Solitons have attracted considerable attentions in recent years due to the broadened
applications of solitons in modern science [1–5]. In fact, solitons appear in a variety of fields,
including optics, nanophotonics, condensed matter physics [1, 3], and plasma physics [6]. In
optics, the one-dimensional soliton propagation is stable and can be described by the non-
linear Schro¨dinger (NLS) model [3]. In two-dimensional nonlinear optical media, 2D solitons
are generally unstable [4]. However, 2D solitons can be stabilized in a layered structure with
sign-alternating Kerr nonlinearity [7]. Besides, 2D solitons can exist in nonlinear optical
media with an external potential [4, 8]. In such optical media, the soliton propagation can
be described by (2+1)-dimensional ((2+1)D) NLS equation with the effect of the refractive
index change [4, 8]. The external potential plays an important role for stabilizing soliton
transmission in two-dimensional nonlinear optical media. Recently, a lot of experimental
and theoretical results for the existence and stability of 2D solitons have been studied with
a variety of types of potentials in variety of types of nonlinearities such as the Kerr and
saturable nonlinearity [9–16]. It was shown that the lattice 2D soliton can be stabilized in
periodic lattices, which is described by the NLS model with the periodic potential [11–14].
In additional, the stability of soliton of (2+1)D NLS was addressed with the modulation of
the linear refractive index [15] or the modulation of both the linear and nonlinear refractive
indices [16] given by a superposition of Gaussian functions.
One of the most fundamental properties of ideal solitons is their shape-preserving property
in a soliton collision, that is, a soliton collision is elastic [17]. In optics, the collisions of
sequences of solitons are very frequently [1, 3]. Therefore, the collision of two and many
1D solitons have been intensively investigated in several studies, for example, see Refs.
[18–24] and references therein. More specifically, in [22, 23], the authors studied the 1D
soliton collision-induced amplitude dynamics in the presence of the cubic loss and the generic
nonlinear loss. In optics, nonlinear loss arises due to multiphoton absorption (MPA) or
gain/loss saturation in a silicon media [23, 25]. MPA has been received considerable attention
in recent years due to the importance of MPA in silicon nanowaveguides, which are expected
to play a crucial role in optical processing applications in optoelectronic devices, including
pulse switching and compression, wavelength conversion, regeneration, etc. [22–28]. It has
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been uncovered that the presence of weak nonlinear loss leads to an additional downshift of
the soliton amplitude in a fast collision of two 1D solitons [22, 23]. The analytic expressions
for the amplitude shift in two-soliton collisions, which is described by the 1D NLS model, in
the presence of weak cubic loss, which can be in a result of two-photon absorption (TPA) or
gain and loss saturation, were already found in [22, 29] and in the presence of the weak (2m+
1)−order loss, for any m, were found in [23]. In the previous studies for 1D soliton collision-
induced change in the four parameters of solitons [18, 19, 22, 23], the perturbative techniques
were based on the projections of the total collision-induced change in the soliton envelope on
the four localized eigenmodes of the linear operator Lˆ describing small perturbations about
the fundamental NLS soliton, which was derived by D. J. Kaup in 1991 [30]. However,
the original theory derived by Kaup is used for studying the dynamics of perturbed 1D
solitons. Therefore, it is very hard to apply the same technique for studying interactions
of solitons in higher dimensions. So far, to the best of our knowledge, the study for the
collision-induced amplitude dynamics of 2D solitons in the presence of the generic nonlinear
loss in two dimensional optical media have not been explored.
In this work, this important problem will be addressed. We study fast collisions between
two 2D solitons in perturbed nonlinear optical media with an external potential. The dy-
namics of the collision is described by the system of coupled (2+1)D NLS equations with
the effects of the refractive index change and in the presence of the generic weak (2m+ 1)-
order of the nonlinear loss. We derive the analytic expression for the amplitude dynamics
of a 2D single-soliton and, particularly, the collision-induced amplitude shift in a collision
of two fast 2D solitons in the presence of nonlinear loss. The theoretical expression is set
up for two types of potentials: the periodic and non-periodic potentials. The perturbative
approach in the current paper are mainly based on the energy balance calculations and
the extension of the perturbative technique in [18, 19, 22, 23] for calculating the effects of
weak perturbations on fast collisions between two 1D solitons of the NLS equation and of
the recent novel perturbative method presented in [31] for calculating the collision-induced
amplitude shift of two 1D pulses for the perturbed linear waves. We also verify the analytic
expressions by the numerical simulations with the corresponding (2+1)D NLS models with
the cubic loss (m = 1) and with the quintic loss (m = 2). We expect that the current results
for the collision-induced amplitude dynamics in fast two-soliton collisions can open the way
to study the collision-induced dynamics of 2D solitons in variety of types of materials and
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of light bullets. Our results can be also applied to study the collision-induced dynamics
of two beams in Bose-Einstein condensates (BECs) which obey the Gross-Pitaevskii (GP)
equation.
The rest of paper is organized as follows. In section II, we first present the dynamics of
a single-soliton propagation in the presence of the generic weak nonlinear loss. Then, we
employ the perturbative technique to calculate the collision-induced amplitude shift in a
fast collision of two 2D solitons in nonlinear optical media for two types of potentials with
the generic weak nonlinear loss. In section III, we validate the theoretical calculations by
numerical simulations. Section IV is reserved for conclusions. In Appendix A, we present
the key calculations to obtain the expression for the collision-induced amplitude shift from
an equation for energy balance.
II. COLLISION-INDUCED AMPLITUDE DYNAMICS OF TWO 2D SOLITONS
A. The perturbed coupled (2+1)D NLS equations and the ideal 2D solitons
We consider fast collisions between two 2D solitons propagating in the nonlinear optical
media with an external potential in the presence of the weak (2m+1)-order of the nonlinear
loss, for any m ≥ 1. The dynamics of the collision is described by the system of coupled
NLS equations as follows [3, 8, 33]:
i∂zψj +∆⊥ψj −Rjψj + γ(|ψj |
2 + δ|ψl|
2)ψj = −iǫ2m+1|ψj |
2mψj
−iǫ2m+1
m∑
k=1
bk|ψl|
2k|ψj |
2(m−k)ψj , (1)
where bk =
m!(m+1)!
(k!)2(m+1−k)!(m−k)!
[23, 34], 1 ≤ j, l ≤ 2 and j 6= l, ∆⊥ = ∂
2
x + ∂
2
y is the transverse
Laplace operator, ψj is the envelope of soliton j, x and y are the spatial coordinates, z is
the propagation distance, γ is the Kerr nonlinear coefficient, δ is the cross-phase-modulation
coefficient, and ǫ2m+1, which satisfies 0 < ǫ2m+1 ≪ 1, is the (2m+ 1)-order of the nonlinear
loss coefficient. In equation (1), Rj = Rj0R˜j(Xj , Yj) is the external potential function with
Xj = x − xj0 − dj1z and Yj = y − yj0 − dj2z, where Rj0 is the depth of the potential,
(xj0, yj0) is the initial position of soliton j and dj = (dj1, dj2) corresponds to the velocity
vector of soliton j with the velocity components in the x and y directions of dj1 and dj2,
respectively. On the left hand side of equation (1), the second term corresponds to the
4
FIG. 1: (Color online) The external potential R˜1 with W11 = W12 = 1, x10 = y10 = 0, and z = 0.
(a) The 2D periodic potential R˜1 given by equation (3) and (b) the 2D non-periodic potential R˜1
given by equation (4).
second-order dispersion, the third term stands for the effect of the refractive index change
on the light propagation, and the fourth and the last terms represent the effects of intra-
beam and inter-beam interaction due to the Kerr nonlinearity, respectively. On the right
hand side of equation (1), the first and the second terms describe the effects of intra-beam
and inter-beam interaction due to (2m+ 1)-order of the nonlinear loss, respectively.
We first discuss the form of the single ideal 2D soliton j which is the fundamental solution
of the following unperturbed Kerr model [8, 12, 15]:
i∂zψj +∆⊥ψj −Rjψj + γ|ψj |
2ψj = 0. (2)
In this work, we consider the 2D periodic potential as [8, 12]
Rj = Rj0
[
sin2 (Xj/Wj1) + sin
2 (Yj/Wj2)
]
, (3)
and the 2D non-periodic potential as [15]
Rj = Rj0 exp
[
−X2j /W
2
j1 − Y
2
j /W
2
j2
]
, (4)
where Wj1 and Wj2 are the positive constants. For an example, figure 1(a) depicts the 2D
periodic potential R˜1 given by equation (3) and figure 1(b) depicts the 2D non-periodic
potential R˜1 given by equation (4) with W11 = W12 = 1, x10 = y10 = 0, and z = 0. The
equation (2) possesses a soliton solution in the following form [8, 15, 35, 36]:
ψ˜j0(x, y, z) = Uj(Xj , Yj) exp(iµjz) exp
[
iχj(X˜j , Y˜j)
]
, (5)
5
where X˜j = x−xj0− d˜j1z, Y˜j = y− yj0− d˜j2z, χj = d˜j1X˜j + d˜j2Y˜j, d˜j1 = dj1/2, d˜j2 = dj2/2,
µj is the propagation constant, and Uj is the amplitude function. From equations (2) and
(5), it can be shown that the localized function Uj satisfies the following elliptic equation
[8, 35, 36]:
∆⊥Uj − RjUj + γU
3
j = µjUj . (6)
B. The 2D soliton dynamics of the single-soliton propagation
Next, we investigate the effects of the (2m+ 1)-order of the nonlinear loss on the single-
soliton propagation described by the following perturbed equation:
i∂zψj +∆⊥ψj −Rjψj + γ|ψj |
2ψj = −iǫ2m+1|ψj |
2mψj . (7)
By using an energy balance calculation for equation (7), it implies:
∂z
∫
∞
−∞
∫
∞
−∞
|ψj|
2dxdy= −2ǫ2m+1
∫
∞
−∞
∫
∞
−∞
|ψj |
2m+2dxdy. (8)
We assume that the initial envelopes of the 2D solitons can be expressed in the general form
ψj0(x, y, 0) = Aj(0)ψ˜j0(x, y, 0), (9)
where Aj(0) is the initial amplitude parameter, ψ˜j0(x, y, 0) is the fundamental soliton solu-
tion of equation (2), that is, ψ˜j0(x, y, 0) is given by equation (5), and j = 1, 2. We note that
for an initial envelope of the unperturbed soliton solution, one can define Aj(0) = 1, that is
ψj0(x, y, 0) = ψ˜j0(x, y, 0). In the presence of the nonlinear loss, we look for the solution of
equation (7) in the form of
ψj0(x, y, z) = Aj(z)ψ˜j0(x, y, z), (10)
where Aj(z), 0 < Aj(z) < Aj(0), is the amplitude parameter taking into account of the
effects of nonlinear loss for z > 0, and ψ˜j0(x, y, z) is given by equation (5). Substituting the
relation for ψj0(x, y, z) into equation (8), it yields:
d
dz
[
I2,j(z)A
2
j (z)
]
= −2ǫ2m+1I2m+2,j(z)A
2m+2
j (z), (11)
where
I2,j(z) =
∫
∞
−∞
∫
∞
−∞
|ψ˜j0(x, y, z)|
2dxdy =
∫
∞
−∞
∫
∞
−∞
U2j dxdy,
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and
I2m+2,j(z) =
∫
∞
−∞
∫
∞
−∞
|ψ˜j0(x, y, z)|
2m+2dxdy =
∫
∞
−∞
∫
∞
−∞
U2m+2j dxdy.
By the definition of Uj, one can obtain that I2,j(z) and I2m+2,j(z) are constants. Solving
equation (11) on the interval [0, z], it implies the equation for the amplitude dynamics of a
single soliton as follows:
Aj(z) =
Aj(0)[
1 + 2mǫ2m+1I2m+2,j0/I2,j0A2mj (0)z
]1/(2m) , (12)
where I2,j0 = I2,j(0) and I2m+2,j0 = I2m+2,j(0).
Equation (12) describes the effects of the nonlinear loss on the amplitude parameter of
a single 2D soliton. We note that equation (12) gives an extension for equation (4) in [23],
which describes the amplitude dynamics of a single 1D soliton in the presence of the total
nonlinear loss.
C. The collision-induced amplitude of two 2D solitons
Let us derive the expression for the collision-induced amplitude shift in a fast two-soliton
collision described by equation (1). We assume the two solitons are well-separated at the
initial propagation distance z = z0 and at the final propagation distance z = zf for a
complete collision. By deriving the energy balance of equation (1), one then obtains:
∂z
∫
∞
−∞
∫
∞
−∞
|ψj|
2dxdy = −2ǫ2m+1
∫
∞
−∞
∫
∞
−∞
|ψj |
2m+2dxdy − 2ǫ2m+1
m∑
k=1
bkJ
(j,l)
k,m , (13)
where J
(j,l)
k,m =
∫
∞
−∞
∫
∞
−∞
|ψl|
2k|ψj |
2(m−k)+2dxdy. Based on the perturbative calculation ap-
proach in [19, 22, 29], it is useful to look for the solution of equation (1) in the form:
ψj(x, y, z) = ψj0(x, y, z) + φj(x, y, z), (14)
where ψj0 is the single-soliton propagation solution of equation (7) and φj describes a small
correction to ψj0, i.e., the correction is solely due to collision effects. We substitute the
relation (14) into equation (13) and take into account only leading-order effects, that is, the
effects of order of ǫ2m+1. Therefore, based on the standard adiabatic perturbation theory for
the NLS soliton [32], the terms containing φj on the right hand side of the resulting equation
can be neglected. It then leads to the following differential equation for soliton 1:
∂z
∫
∞
−∞
∫
∞
−∞
|ψ1|
2dxdy = −2ǫ2m+1
∫
∞
−∞
∫
∞
−∞
|ψ10|
2m+2dxdy − 2ǫ2m+1
m∑
k=1
bkKk,m, (15)
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where Kk,m =
∫
∞
−∞
∫
∞
−∞
|ψ20|
2k|ψ10|
2(m−k)+2dxdy. Equation (15) represents the energy bal-
ance for soliton 1. The last term on the right hand side in equation (15) is responsible for
the contribution of interaction term during the collision. We note that when ǫ2m+1 = 0
then equation (15) becomes a conservation law for energy and the calculations to obtain
the equation for soliton 2 are the same. From equations (8) and (15) and noting that ψj0
satisfies equation (8), one then obtains:
∂z
∫
∞
−∞
∫
∞
−∞
|ψ1|
2dxdy = ∂z
∫
∞
−∞
∫
∞
−∞
|ψ10|
2dxdy − 2ǫ2m+1
m∑
k=1
bkKk,m. (16)
In a fast collision, the collision takes place in a small interval [zc−∆zc, zc+∆zc] around zc,
where zc is the collision distance, which is the distance at which the maxima of |ψj(x, y, z)|
coincide at the same point (x0, y0), and ∆zc is the distance along which the envelopes of the
colliding solitons overlap. Integrating over z of equation (16), it implies:
∫ zc+∆zc
zc−∆zc
∂z
∫
∞
−∞
∫
∞
−∞
|ψ1|
2dxdydz =
∫ zc+∆zc
zc−∆zc
∂z
∫
∞
−∞
∫
∞
−∞
|ψ10|
2dxdydz − 2ǫ2m+1
m∑
k=1
bkLk,m,
(17)
where Lk,m =
∫ zc+∆zc
zc−∆zc
∫
∞
−∞
∫
∞
−∞
|ψ20|
2k|ψ10|
2(m−k)+2dxdydz. Substituting the relation for
|ψj0(x, y, z)|, that is, |ψj0(x, y, z)| = Aj(z)Uj(Xj , Yj), into equation (17) and calculating
the integrals of equation (17) as in Appendix A, one arrives at
A1(z
−
c )∆A
(c)
1 I2,10 = −ǫ2m+1
m∑
k=1
bkMk,m, (18)
where Mk,m =
∫ zc+∆zc
zc−∆zc
∫
∞
−∞
∫
∞
−∞
A2k2 (z)A
2(m−k)+2
1 (z)U
2k
2 U
2(m−k)+2
1 dxdydz, ∆A
(c)
1 is the total
collision-induced amplitude shift of soliton 1, and A1(z
−
c ) is the limit from the left of A1(z)
at zc. The only functions on the right hand side of equation (18) that contain fast variations
in z, which are the factors Xj and Yj, are U1 and U2. Therefore, one can approximate A1(z)
and A2(z) by A1(z
−
c ) and A2(z
−
c ), where Aj(z
−
c ) is the limit from the left of Aj(z) at zc. It
then implies
∆A
(c)
1 = −ǫ2m+1/I2,10
m∑
k=1
bkA
2k
2 (z
−
c )A
2(m−k)+1
1 (z
−
c )Nk,m, (19)
where Nk,m =
∫ zc+∆zc
zc−∆zc
∫
∞
−∞
∫
∞
−∞
U2k2 U
2(m−k)+2
1 dxdydz and the values of the localized function
Uj are numerically calculated with equation (6). Since the integrand on the right hand side
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of equation (19) is sharply peaked at a small interval about zc, we can extend the limits of
this integral to 0 and zf . Therefore, it yields
∆A
(c)
1 = −ǫ2m+1/I2,10
m∑
k=1
bkA
2k
2 (z
−
c )A
2(m−k)+1
1 (z
−
c )Pk,m, (20)
where Pk,m =
∫ zf
0
∫
∞
−∞
∫
∞
−∞
U2k2 U
2(m−k)+2
1 dxdydz. Equation (20) represents the collision-
induced amplitude shift of two fast 2D solitons in the presence of the generic nonlinear loss.
It is an extension of equation (11) derived in [22], which represents the collision-induced
amplitude shift of two fast 1D solitons in the presence of the cubic loss. To the best of
our knowledge, equation (20) is the first explicit result for the collision-induced amplitude
dynamics of two fast 2D solitons in the presence of a weak nonlinear loss.
It is worthy to emphasize that the derivation of the left hand size of equation (18) is
independent to the type of dissipative perturbations. Therefore, the current perturbative
approach for calculating collision-induced amplitude dynamics of two 2D solitons can be
applied for other types of weak dissipative perturbations, which contribute on the right
hand side of equation (18), in a similar manner.
III. NUMERICAL SIMULATIONS
A. Set up the measurements
To validate equation (20), we carry out numerical simulations with equation (1) by the
split-step method [8]. For simplicity and without loss of generality, we assume the collision
between two solitons occurs at the origin O(0, 0) in the xy-plane. Let us describe the collision
as follows. Solitons 1 and 2, which are located at M1(x10, y10) andM2(x20, y20), respectively,
are well separated at z = 0. These two solitons propagate toward O(0, 0) with the velocity
vector of d1 and d2. In the current work, the two velocity vectors of d1 and d2 in simulations
are chosen so that the following relation is satisfied:
x10/d11 = y10/d12 = x20/d21 = y20/d22. (21)
Therefore, there will be a collision at the origin at the propagation distance zc, which is
the distance at which the maxima of |ψj(x, y, z)| coincide. The value of zc is measured as:
zc = |x10|/|d11|. After the full collision, the two solitons continue propagating away from
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(0, 0) and they are thus well-separated at the final propagation distance z = zf . Denoting by
θ the collision angle between two solitons, we can determine θ as cos(θ) = u1 ·u2/(‖u1‖‖u2‖),
where u1 =
−−−→
M1O and u2 =
−−−→
M2O. From this relation and the relation (21), it yields:
cos(θ) = d1 · d2/(‖d1‖‖d2‖). (22)
To validate the theoretical calculations, we demonstrate the simulations for two-soliton
collisions in the presence of the cubic loss (m = 1) and the quintic loss (m = 2). The simu-
lations are implemented in the nonlinear optical media with two types of external potentials
as the periodic and non-periodic potential. In the presence of the cubic loss, one has b1 = 2.
From equation (20), it then yields the expression for the collision-induced amplitude shift
for soliton 1 as:
∆A
(c)
1 = −2ǫ3/I2,10A1(z
−
c )A
2
2(z
−
c )P1,1. (23)
In the presence of the quintic loss, one gets b1 = 6 and b2 = 3. It then yields:
∆A
(c)
1 = −ǫ5/I2,10
[
6A22(z
−
c )A
3
1(z
−
c )P1,2 + 3A
4
2(z
−
c )A1(z
−
c )P2,2
]
. (24)
We also present the expression to calculate the relative error in the approximation of ∆A
(c)
1 .
This expression is defined by |∆A
(c)(num)
1 −∆A
(c)(th)
1 |/|∆A
(c)(th)
1 |, where ∆A
(c)(th)
1 is calculated
from the theoretical prediction with equation (20) and ∆A
(c)(num)
1 is measured by simulations
with equation (1). More specifically, ∆A
(c)(th)
1 is given by equation (23) for m = 1 and by
equation (24) for m = 2 and ∆A
(c)(num)
1 is calculated by:
∆A
(c)(num)
1 = A1(z
+
c )−A1(z
−
c ), (25)
where A1(z
−
c ) is measured from equation (12) and A1(z
+
c ) is calculated by simulations. One
can solve equation (11) with j = 1 on the interval [zc, zf ] to obtain the expression to measure
the value of A1(z
+
c ) as follows:
A1(z
+
c ) =
A1(zf )
[1− 2mǫ2m+1I2m+2,10/I2,10A2m1 (zf )(zf − zc)]
1/(2m)
, (26)
where A1(zf ) is measured by simulations with equation (1).
To study the dependence of the collision angle on the collision-induced amplitude shift,
we consider the collisions so that the values of the collision angle are changed over [0, π]
while the magnitude of the velocity vectors d1 and d2 are constant. We then calculate the
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relative change of ∆A
(c)
1 due to θ, for 0 ≤ θ ≤ π, with respect to ∆A
(c)
1 at θ = π, which is
the smallest value of ∆A
(c)
1 over [0, π]. The expression for the relative change is defined by:
p = [∆A
(c)
1 −∆A
(c)
1,pi]/∆A
(c)
1,pi, (27)
where ∆A
(c)
1,pi is the value of ∆A
(c)
1 at θ = π.
As an example, we present the numerical results of equation (1) for γ = 1 and δ = 2
with ǫ2m+1 = 0.01, ǫ2m+1 = 0.02, and ǫ2m+1 = 0.05 for m = 1 and m = 2. For simplicity, we
choose to use the dimensionless parameters for simulations. The initial conditions of equation
(1) are defined from equation (5) at z = 0. The amplitude functions Uj in equation (5) at
z = z0 are measured from simulations with equation (6) by using the Accelerated Imaginary-
Time Evolution Method [8, 37]. To implement simulations with equation (6), we then use
the initial functions U˜j = sech [(x− xj0 − dj1z0)
2 + (y − yj0 − dj2z0)
2]. The power value Pj
of the soliton solution j, which is defined by Pj(µj) =
∫
∞
−∞
∫
∞
−∞
U2j (Xj , Yj;µj)dxdy and is
numerically obtained from equations (5) and (6), is Pj = 1.9092 at µj = −3.7 for the periodic
potential case and is Pj = 2.5 at µj = 1.2306 for the non-periodic potential case. Moreover,
the length of the computational spatial domain for simulations is chosen as Lx = Ly = 15π
and the number of grid points in x-domain and in y-domain is Nx = Ny = 1024. As a result,
the spacing of the grid points is ∆x = ∆y = Lx/Nx = 0.046 and the computational spatial
domain is [ymin, ymax] = [xmin, xmax] = [−Lx/2, Lx/2 − ∆x]. The propagation step-size ∆z
used in simulations is ∆z = 0.0005.
Before validating equation (20), we first verify equation (12) by carrying out numerical
simulations for the single-soliton propagation described by equation (7). For simplicity,
one can neglect the subscript j in equation (7). The parameters are chosen with cubic
loss, as an example, as: ǫ3 = 0.01, the initial position (x0, y0) = (−10, 9), the velocity
vector d = (d11, d12) = (2,−1.8), and the final distance zf = 10. Figure 2 represents the
dependence of A(z) on z for the periodic potential (a) and for the non-periodic potential
(b). As can be seen, the agreement between the analytic calculations and the results of the
numerical simulations is very good. In fact, the relative error values in measuring A(z) for
z ∈ [0, zf ], which is defined by |A
(num)(z) − A(th)(z)|/A(th)(z), are less than 8.7 × 10−4 for
both types of potentials, where A(num)(z) is measured by simulations with equation (7) and
A(th)(z) is calculated from the theoretical prediction with equation (12). Moreover, we also
calculate the relative error in measuring the soliton patterns at the propagation z by using
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FIG. 2: (Color online) The numerical simulation results for the single-soliton propagation described
by equation (7) with ǫ3 = 0.01. The dependence of A(z) on z for the periodic potential (a), which
is given by equation (3), and for the non-periodic potential (b), which is given by equation (4).
The solid blue curves represent A(z) obtained by the theoretical prediction of equation (12). The
red circles correspond to A(z) measured by simulations with equation (7).
the following normalized integral:
Es(z) =
{∫ xmax
xmin
∫ ymax
ymin
[|ψ(num)| − |ψ(th)|]2dxdy
}1/2
/
{∫ xmax
xmin
∫ ymax
ymin
|ψ(th)|2dxdy
}1/2
,
where ψ(th)(x, y, z) is calculated from the theoretical prediction with equation (10) and
ψ(num)(x, y, z) is measured by simulations with equation (7). The values of Es(z) in these
simulations are less than 0.029 and 0.009 for the periodic and non-periodic potential, respec-
tively. We emphasize that the agreement between the analytic calculations and the results of
the numerical simulations in the presence of the quintic loss is also very good. In summary,
the excellent agreement between the analytic calculations and the results of simulations in
the calculations of the amplitude parameter and the soliton patterns validate the equation
(12).
B. Soliton collisions for the coupled (2+1)D NLS model with periodic potential
In this section, we present the simulation results for fast two-soliton collisions in the
presence of the cubic loss and in the presence of the quintic loss with the periodic potential
given by equation (3) with R10 = R20 = 6 and W11 =W12 =W21 =W22 = 1.
First, let us illustrate the collision between two solitons in the presence of the cubic
loss by the simulation. The parameters are chosen as: ǫ3 = 0.01, (x10, y10) = (−3, 2.5),
(x20, y20) = (2.5, 2), d1 = (16,−13.3334), and d2 = (−13.3334,−10.6667). The two velocity
12
FIG. 3: (Color online) An illustration for a collision between two solitons obtained by the simulation
of equation (1) with the periodic potential given by equation (3) with ǫ3 = 0.01 for m = 1. The
soliton shapes at z = 0 (a, b), z = zi = 0.21 (c, d), and z = zf = 0.38 (e, f) in xy-plane.
vectors d1 and d2 satisfy the relation (21) and zc = 0.1875. One can measure the value
of the collision angle of cos(θ) = −0.19996. The results are shown in figure 3. Figure
3(a, b) represent the initial soliton shapes |ψj(x, y, 0)| while figure 3(c, d) and (e, f) depict
the soliton shapes |ψj(x, y, z)|, which are obtained by the simulation, at the intermediate
distance zi = 0.21 > zc = 0.1875, as an example, and at the final distance zf = 0.38,
respectively. The agreement between the analytic predictions and the simulation results
is very good. In fact, the relative errors in measuring ∆A
(c)
1 and in measuring the soliton
patterns at z = zf are 0.04 and 0.026, respectively.
Second, we present the simulation results which describe the dependence of ∆A
(c)
1 on
d1 and d2 with ǫ2m+1 = 0.01, ǫ2m+1 = 0.02, and ǫ2m+1 = 0.05 for m = 1 and m = 2.
In these simulations, the magnitude of the velocity vectors of d1 and d2 will be changed
while the collision angle θ is constant. For example, the parameters for simulations can
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TABLE I: The simulation results with the periodic potential
The maximal relative errors in approximation of ∆A
(c)
1 with
№ ǫ2m+1 2 ≤ d11 < 16 16 ≤ d11 ≤ 80 Figures
1 ǫ3 = 0.01 0.086 0.04 4(a)
2 ǫ3 = 0.02 0.065 0.034 4(b)
3 ǫ3 = 0.05 0.053 0.017
4 ǫ5 = 0.01 0.17 0.014 5(a)
5 ǫ5 = 0.02 0.07 0.01 5(b)
6 ǫ5 = 0.05 0.14 0.041
-0.01
100
-0.008
-0.006
75 120
-0.004
90
-0.002
50
0
6025 300 0
-0.015
100
-0.01
75 120
-0.005
9050
0
6025 300 0
-0.03
100
-0.025
-0.02
75
-0.015
120
-0.01
90
-0.005
50
0
6025 300 0
-0.05
100
-0.04
-0.03
75 120
-0.02
90
-0.01
50
0
6025 300 0
FIG. 4: (Color online) The simulation results for two-soliton collisions with the periodic potential
given by equation (3). The dependence of ∆A
(c)
1 on d1 and d2 with ǫ3 = 0.01 (a), ǫ3 = 0.02 (b) for
m = 1 and with ǫ5 = 0.01 (c), ǫ5 = 0.02 (d) for m = 2. The red circles correspond to the results
obtained by simulations with equation (1) and equation (25). The solid blue curves represent the
analytic prediction of equation (23) for m = 1 and equation (24) for m = 2.
be chosen as: (x10, y10) = (−3, 2.5), (x20, y20) = (2.5, 2), d1 = (d11,−0.8333d11), and d2 =
(−0.8333d11,−0.6667d11), where 2 ≤ d11 ≤ 80. The two velocity vectors d1 and d2 satisfy the
relation (21) and zc = 3/d11. One can measure the collision angle value in these simulations
of cos(θ) = −0.19996. The results are summarized in table 1 and presented in figure 4. As
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FIG. 5: (Color online) The simulation results for two-soliton collisions with the periodic potential
given by equation (3). The dependence of ∆A
(c)
1 on θ with ǫ3 = 0.01 (a), ǫ3 = 0.02 (b) for m = 1
and with ǫ5 = 0.01 (c), ǫ5 = 0.02 (d) for m = 2. The red circles correspond to the results obtained
by simulations with equation (1) and equation (25). The solid blue curves represent the analytic
prediction of equation (23) for m = 1 and equation (24) for m = 2.
can be seen, there is a very good agreement between the simulation results and the analytic
predictions. Table 1 shows the relative error in the approximation of ∆A
(c)
1 . Let us describe
the results of table 1 as follows. As an example, the second row of table 1 with №1 shows the
simulation results for two-soliton collisions with ǫ3 = 0.01. One can observe that the relative
error in the approximation of ∆A
(c)
1 is less than 0.086 for 2 ≤ d11 < 16, which corresponds to
the slow and intermediate collisions, and less than 0.04 for 16 ≤ d11 ≤ 80, which corresponds
to the fast collisions. These results are also presented in figure 4(a). Figure 4 depicts the
dependence of ∆A
(c)
1 on d1 and d2 with ǫ3 = 0.01 (a), ǫ3 = 0.02 (b), ǫ5 = 0.01 (c), and
ǫ5 = 0.02 (d). Over all in table 1, the relative error in the approximation of ∆A
(c)
1 is less
than 0.17 for 2 ≤ d11 < 16 and less than 0.041 for 16 ≤ d11 ≤ 80. We also note that the
value of d11 is proportional to the magnitude of velocity vectors d1 and d2. As a result, one
can observe that the relative error is very small for fast collisions and it is larger for slow
and intermediate collisions.
Finally, we present the simulation results which describe the dependence of ∆A
(c)
1 on
θ with ǫ2m+1 = 0.01, ǫ2m+1 = 0.02, and ǫ2m+1 = 0.05 for m = 1 and m = 2. In these
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FIG. 6: (Color online) The simulation results for two-soliton collisions with the periodic potential
given by equation (3). The dependence of p, which is measured from equation (27), on θ in the
presence of the cubic loss (a) and in the presence of the quintic loss (b). The solid black curves
correspond to the theoretical prediction of the relative change p. The blue squares, red circles, and
green triangles represent the numerical simulation values of the relative change p with ǫ2m+1 = 0.01,
0.02, and 0.05, respectively, for m = 1 (a) and for m = 2 (b).
simulations, the values of the collision angle will be changed over the interval [0, π] while
the magnitude of the velocity vectors d1 and d2 are constant. For example, the parameters
for simulations can be chosen as: (x10, y10) = (5.5 cos(9π/12), 5.5 sin(9π/12)), (x20, y20) =
(1.5 cos(mπ/12), 1.5 sin(mπ/12)), d11 = 20, d12 = y10d11/x10, d21 = x20d11/x10, and d22 =
y20d11/x10. The values of m are: m = −3,−2,−1, 0, 1, 2..., 9. These two velocity vectors d1
and d2 satisfy the relation (21) and zc = 0.1945. One can measure the magnitude of velocity
vectors of ‖d1‖ = 28.2842 and ‖d2‖ = 7.7138. Figure 5 shows the results with ǫ3 = 0.01 (a),
ǫ3 = 0.02 (b), ǫ5 = 0.01 (c), and ǫ5 = 0.02 (d). The maximal relative error values in the
approximation of ∆A
(c)
1 over [0, π] are 0.04, 0.034, and 0.016 for ǫ3 = 0.01, ǫ3 = 0.02, and
ǫ3 = 0.05, respectively. These maximal relative error values are measured of 0.014, 0.01,
and 0.06 for ǫ5 = 0.01, ǫ5 = 0.02, and ǫ5 = 0.05, respectively. As can be seen in figure 5, the
magnitude of ∆A
(c)
1 is smaller for a larger value of θ, i.e., for a faster collision. Figure 6 shows
the dependence of the relative change p on θ with ǫ2m+1 = 0.01, 0.02, and 0.05 for m = 1
(a) and for m = 2 (b). As can be seen in figure 6, the relative difference p is independent
on the choices of ǫ2m+1 and m. The values of p are decreasing from pmax = 0.746 at θ = 0
to pmin = 0 at θ = π. For ǫ2m+1 = 0.01 and ǫ2m+1 = 0.02, the maximal relative error values
in calculations of p over [0, π] are 0.004 for m = 1 and 0.025 m = 2. These maximal relative
error values are 0.012 for ǫ3 = 0.05 (m = 1) and 0.055 for ǫ5 = 0.05 (m = 2).
The very good agreement between the analytic calculations for ∆A
(c)
1 and the results of
16
the numerical simulations of the perturbed coupled nonlinear Schro¨dinger model with the
periodic potential, even with the large values of the nonlinear loss coefficient, for example,
ǫ2m+1 = 0.05, for m = 1, 2, validated our theoretical calculations for ∆A
(c)
1 .
C. Soliton collisions for the coupled (2+1)D NLS model with non-periodic poten-
tial
In this section, we present the simulation results for fast two-soliton collisions in the
presence of the cubic loss and in the presence of the quintic loss with the non-periodic
potential given by equation (4) with R10 = R20 = −3.5 and W11 = W12 = W21 = W22 = 1.
First, let us illustrate the collision between two solitons in the presence of the cubic loss
by the simulation and emphasize that the illustration in the presence of the quintic loss
is similar. The parameters used in figure 7 are the same as ones used in figure 3. Figure
7(a, b) represent the initial soliton shapes |ψj(x, y, 0)| while figure 7(c, d) and (e, f) depict
the soliton shapes |ψj(x, y, z)|, which are obtained by the simulation, at the intermediate
distance, zi = 0.21 > zc = 0.1875, as an example, and at the final distance zf = 0.38,
respectively. The agreement between the analytic predictions and the simulation results is
very good. In fact, the relative error is 0.02 in measuring ∆A
(c)
1 and in measuring the soliton
patterns at z = zf .
Second, we present the simulation results which describe the dependence of ∆A
(c)
1 on d1
and d2 with ǫ2m+1 = 0.01, ǫ2m+1 = 0.02, and ǫ2m+1 = 0.05 for m = 1 and m = 2. The
parameters for simulations are the same as ones used in table 1 and in figure 4. The results
are summarized in table 2 and presented in figure 8. As can be seen, there is a very good
agreement between the simulation results and the analytic predictions. Table 2 shows the
relative error in the approximation of ∆A
(c)
1 . As an example, the second row of table 2 with
№1 shows the simulation results for two-soliton collisions with ǫ3 = 0.01. One can observe
that the relative error in the approximation of ∆A
(c)
1 is less than 0.11 for 2 ≤ d11 < 16, which
corresponds to the slow and intermediate collisions, and less than 0.02 for 16 ≤ d11 ≤ 80,
which corresponds to the fast collisions. These results are also presented in figure 8(a).
Over all in table 2, the relative error in the approximation of ∆A
(c)
1 is less than 0.17 for
2 ≤ d11 < 16 and less than 0.04 for 16 ≤ d11 ≤ 80. Figure 8 depicts the dependence of ∆A
(c)
1
on d1 and d2 with ǫ3 = 0.01 (a), ǫ3 = 0.02 (b), ǫ5 = 0.01 (c), and ǫ5 = 0.02 (d).
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FIG. 7: (Color online) An illustration for a collision between two solitons obtained by the simulation
of equation (1) with the non-periodic potential given by equation (4) with ǫ3 = 0.01 for m = 1.
The soliton shapes at z = 0 (a, b), z = zi = 0.21 (c, d), and z = zf = 0.38 (e, f) in xy-plane.
Finally, we present the simulation results which describe the dependence of ∆A
(c)
1 on θ
with ǫ2m+1 = 0.01, ǫ2m+1 = 0.02, and ǫ2m+1 = 0.05 for m = 1 and m = 2. The parameters
for simulations are the same as ones used in figure 5. Figure 9 shows the results with
ǫ3 = 0.01 (a), ǫ3 = 0.02 (b), ǫ5 = 0.01 (c), and ǫ5 = 0.02 (d). As can be seen in figure 9, the
magnitude of ∆A
(c)
1 is smaller for a larger value of θ. The maximal relative error values in
the approximation of ∆A
(c)
1 over [0, π] are 0.02, 0.014, and 0.0035 for ǫ3 = 0.01, ǫ3 = 0.02,
and ǫ3 = 0.05, respectively. These maximal relative error values are measured of 0.0056,
0.012, and 0.051 for ǫ5 = 0.01, ǫ5 = 0.02, and ǫ5 = 0.05, respectively. Figure 10 shows the
dependence of the relative change p on θ with ǫ2m+1 = 0.01, 0.02, and 0.05 for m = 1 (a)
and for m = 2 (b). Similarly to the observations in figure 6, the dependence of p on ǫ2m+1 is
negligible and the values of p are decreasing from pmax = 0.75 at θ = 0 to pmin = 0 at θ = π.
For ǫ2m+1 = 0.01 and ǫ2m+1 = 0.02, the maximal relative error values in calculations of p
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TABLE II: The simulation results with the non-periodic potential
The maximal relative errors in approximation of ∆A
(c)
1 with
№ ǫ2m+1 2 ≤ d11 < 16 16 ≤ d11 ≤ 80 Figures
1 ǫ3 = 0.01 0.11 0.02 8(a)
2 ǫ3 = 0.02 0.09 0.014 8(b)
3 ǫ3 = 0.05 0.05 0.01
4 ǫ5 = 0.01 0.17 0.01 9(a)
5 ǫ5 = 0.02 0.09 0.01 9(b)
6 ǫ5 = 0.05 0.09 0.04
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FIG. 8: (Color online) The simulation results for two-soliton collisions with the non-periodic po-
tential given by equation (4). The dependence of ∆A
(c)
1 on d1 and d2 with ǫ3 = 0.01 (a), ǫ3 = 0.02
(b) for m = 1 and with ǫ5 = 0.01 (c), ǫ5 = 0.02 (d) for m = 2. The red circles correspond to
the results obtained by simulations with equation (1) and equation (25). The solid blue curves
represent the analytic prediction of equation (23) for m = 1 and equation (24) for m = 2.
over [0, π] are 0.003 for m = 1 and 0.016 for m = 2. These maximal relative error values are
0.01 for ǫ3 = 0.05 (m = 1) and 0.039 for ǫ5 = 0.05 (m = 2).
In summary, the excellent agreement between the analytic calculations for ∆A
(c)
1 and the
results of the numerical simulations of the perturbed coupled nonlinear Schro¨dinger models
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FIG. 9: (Color online) The simulation results for two-soliton collisions with the non-periodic po-
tential given by equation (4). The dependence of ∆A
(c)
1 on θ with ǫ3 = 0.01 (a), ǫ3 = 0.02 (b) for
m = 1 and with ǫ5 = 0.01 (c), ǫ5 = 0.02 (d) for m = 2. The red circles correspond to the results
obtained by simulations with equation (1) and equation (25). The solid blue curves represent the
analytic prediction of equation (23) for m = 1 and of equation (24) for m = 2.
with the periodic and non-periodic potentials, even with the large values of the nonlinear loss
coefficient, for example, ǫ2m+1 = 0.05, for m = 1, 2, confirmed our theoretical calculations
for ∆A
(c)
1 in equation (20).
IV. CONCLUSIONS
We investigated the fast collision between two solitons in two-dimensional nonlinear op-
tical media with an external potential in the presence of the generic weak (2m + 1)−order
loss, for any m ≥ 1. We first found the expression for the amplitude dynamics of a single
2D soliton propagation in the presence of the nonlinear loss. Then, we extended the pertur-
bative technique used to study the collision-induced dynamics of two 1D solitons in Refs.
[18, 19, 22, 23, 31] to derive the expression for the collision-induced amplitude shift in a fast
collision of two 2D solitons in the presence of the nonlinear loss. The expression was de-
rived for two types of potentials: the periodic and the non-periodic external potential. Our
current perturbative approach can be applied for studying the effects of other dissipative
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FIG. 10: (Color online) The simulation results for two-soliton collisions with the non-periodic
potential given by equation (4). The dependence of p, which is measured from equation (27), on
θ in the presence of the cubic loss (a) and in the presence of the quintic loss (b). The solid black
curves correspond to the theoretical prediction of the relative change p. The blue squares, red
circles, and green triangles represent the numerical simulation values of the relative change p with
ǫ2m+1 = 0.01, 0.02, and 0.05, respectively, for m = 1 (a) and for m = 2 (b).
perturbations on 2D soliton collisions in a similar manner. The analytic predictions were
confirmed by simulations with the corresponding coupled nonlinear Schro¨dinger model in
the presence of the cubic loss (m = 1) and in the presence of the quintic loss (m = 2). The
agreement between the analytic calculations and the results of the numerical simulations
of the perturbed coupled nonlinear Schro¨dinger equations is very good. Our study on col-
lision of two 2D solitons significantly extended the results of previous studies for collisions
of 1D solitons and of 1D Gaussian pulses. We expect that these results can open the way
to study the collision-induced dynamics of solitons in 2D or in higher dimensions in other
types of materials and can be also applied to study the collision-induced dynamics of beams
in Bose-Einstein condensates.
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Appendix A: Calculations for obtaining equation (18) from equation (17)
In this Appendix, we present the calculations to obtain equation (18) from equation (17).
Let us denote by ∆1 and ∆10 the integral on the left hand side and the first integral on the
right hand side of equation (17), respectively. That is,
∆1 =
∫ zc+∆zc
zc−∆zc
∂z
∫
∞
−∞
∫
∞
−∞
|ψ1|
2dxdydz,
and
∆10 =
∫ zc+∆zc
zc−∆zc
∂z
∫
∞
−∞
∫
∞
−∞
|ψ10|
2dxdydz.
Denoting z−c = zc −∆zc and z
+
c = zc +∆zc, it implies
∆1 =
∫
∞
−∞
∫
∞
−∞
|ψ1(x, y, z
+
c )|
2dxdy −
∫
∞
−∞
∫
∞
−∞
|ψ1(x, y, z
−
c )|
2dxdy. (A1)
By the definition of Uj and denoting Ψj0(x, y, z) = Uj(x − xj0 − dj1z, y − yj0 − dj2z), one
then obtains the relations
|ψ1(x, y, z
−
c )| = A1(z
−
c )Ψ10(x, y, z
−
c ),
and
|ψ1(x, y, z
+
c )| =
(
A1(z
−
c ) + ∆A
(s)
1 (zc) + ∆A
(c)
1
)
Ψ10(x, y, z
+
c ),
where ∆A
(s)
1 (zc) is the amplitude shift of soliton 1 which is due to the single-soliton propa-
gation from z−c to z
+
c . Substituting these relations into equation (A1), it yields
∆1 =
(
A1(z
−
c ) + ∆A
(s)
1 (zc) + ∆A
(c)
1
)2 ∫ ∞
−∞
∫
∞
−∞
Ψ210(x, y, z
+
c )dxdy
−A21(z
−
c )
∫
∞
−∞
∫
∞
−∞
Ψ210(x, y, z
−
c )dxdy. (A2)
We note that
∫
∞
−∞
∫
∞
−∞
Ψ210(x, y, z)dxdy = I2,10 for all z. By taking into account only leading
order terms, equation (A2) can be written as
∆1 = 2A1(z
−
c )
(
∆A
(c)
1 +∆A
(s)
1 (zc)
)
I2,10. (A3)
On the other hand, ∆10 can be expressed as
∆10 =
∫
∞
−∞
∫
∞
−∞
|ψ10(x, y, z
+
c )|
2dxdy −
∫
∞
−∞
∫
∞
−∞
|ψ10(x, y, z
−
c )|
2dxdy. (A4)
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By the definition of Ψ10, one then gets the relations
|ψ10(x, y, z
−
c )| = A1(z
−
c )Ψ10(x, y, z
−
c ),
and
|ψ10(x, y, z
+
c )| =
(
A1(z
−
c ) + ∆A
(s)
1 (zc)
)
Ψ10(x, y, z
+
c ).
Substituting these relations into equation (A4) and then expanding the first integrand on
the right hand side while keeping only leading terms, it implies
∆10 = 2A1(z
−
c )∆A
(s)
1 (zc)I2,10. (A5)
Substituting equations (A3) and (A5) into equation (17), one can arrive at equation (18).
We note that equation (A2) plays an important role in our analysis. In previous studies
for collision-induced dynamics of two 1D solitons [18, 19, 22, 23], the perturbative method
was mainly based on integrating the correction term φj and the projection of the total
collision-induced change in the soliton envelope on the four localized eigenmodes of the linear
operation Lˆ describing small perturbations about the fundamental NLS soliton. While our
perturbative approach in the current work is mainly based on the energy balance evolution
and the direct algebra calculations of the amplitude parameter in a complete collision which
takes into account the contribution of a self amplitude-shift and a cross amplitude shift by
the collision in the presence of nonlinear loss.
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